Latent factor models are the canonical statistical tool for exploratory analyses of lowdimensional linear structure for an observation matrix with p features across n samples. We develop a Bayesian group factor analysis (BGFA) model that extends the factor model to multiple coupled observation matrices. Our model puts a structured Bayesian hierarchical prior on the joint factor loading matrix, which achieves shrinkage effect at both a local level (element-wise shrinkage) and a factor level (column-wise shrinkage) with non-parametric behavior that removes unnecessary factors. With two observations, our model reduces to Bayesian canonical correlation analysis (BCCA). We exploit the shrinkage behavior in the BGFA model to recover covariance structure across all subsets of the observation matrices where this signal exists. We validate our model on simulated data with substantial structure and compare recovered factor loadings against results from related methods. We then show the results of applying BGFA to two genomics studies for different analytic aims: identifying gene co-expression networks specific to one of two conditions, and recovering sets of genetic variants that jointly regulate transcription of a collection of genes. We illustrate the unique ability of BGFA to use multiple observations of the same samples to guide linear projection of the data onto a latent space, producing meaningful and robust lowdimensional representations, as compared with 'unsupervised' projections from traditional factor analysis or principal components analysis.
Introduction
Factor analysis models have attracted attention recently due to their ability to perform interpretable exploratory analyses of high dimensional data rapidly (West, 2003; Carvalho et al., 2008; Engelhardt and Stephens, 2010) . A latent factor model finds a low dimensional representation x i ∈ R k×1 of a high dimensional observation of p features, y i ∈ R p×1 for n samples. A observation in the low dimensional space is linearly projected to the original high dimensional space through a loadings matrix Λ ∈ R p×k with Gaussian noise i ∈ R p×1 :
for i = 1, · · · , n. It is often assumed, as we do here, that x i follows a N k (0, I k ) distribution, where I k is the identity matrix of dimension k, and i ∼ N p (0, Σ), where Σ is a p × p diagonal covariance matrix with σ 2 j for j = 1, · · · , p on the diagonal. In many applications of factor analysis, the number of latent factors k is much smaller than the number of features p and the number of samples n. By integrating over the factor x i , the factor analysis model produces a low-rank estimation of the covariance matrix associated with the features. In particular, the covariance of y i , Ω ∈ R p×p , is written as
where λ ·h is the h th column of Λ. This factorization suggests that each factor separately contributes to the covariance of the observation through its corresponding loading. Traditional exploratory data analysis methods such as principle component analysis (PPCA) (Hotelling, 1933) , independent component analysis (ICA) (Comon, 1994) , and canonical correlation analysis (CCA) (Hotelling, 1936) all have interpretations as latent factor models. Indeed, the field of latent linear models is extremely broad, and robust unifying frameworks are desirable (Cunningham and Ghahramani, 2014) . The loading matrix Λ plays an important role in the subspace mapping. In applications where there are fewer samples than features in the observed data, the n < p scenario, it is essential to include strong regularization on the loading matrix due to the fact that this optimization problem is under-constrained and has many equivalent solutions that optimize the likelihood function. In the machine learning and statistics literature, priors or penalties are used to regularize the elements of the loading matrix, occasionally by inducing sparsity. Element-wise sparsity corresponds to feature selection. Sparsity eliminates the contribution of some features to a factor, with the effect that a latent factor contributes to variation in only a subset of the observed features (West, 2003; Carvalho et al., 2008; Knowles and Ghahramani, 2011) . In gene expression data, sparse factor loadings are interpreted as clusters of genes and used to identify sets of co-regulated genes (Pournara and Wernisch, 2007; Lucas et al., 2010; Gao et al., 2013) .
Imposing element-wise sparsity in factor models has been studied through regularization via L 1 type penalties in classical statistics (Zou et al., 2006; . More recently, Bayesian shrinkage methods using sparsity-inducing priors have been introduced for latent factor models (Archambeau and Bach, 2008; Carvalho et al., 2008; Virtanen et al., 2011; Bhattacharya and Dunson, 2011; Klami et al., 2013) . In contrast to regularization methods from classical statistics, Bayesian shrinkage has the advantage of being adaptive to data and borrowing information across groups using hierarchical parameterizations. To achieve shrinkage effects, a prior distribution should have substantial probability mass around zero; at the same time it should have heavy tails to allow signals to escape from shrinkage (O'Hagan, 1979; Carvalho et al., 2010) . The spike-and-slab prior (Mitchell and Beauchamp, 1988) , the classic two-group Bayesian sparsity-inducing prior, has been used for sparse Bayesian latent factor models (Carvalho et al., 2008) . A more computationally tractable one-group prior, the automatic relevance determination (ARD) prior (Neal, 1995; Tipping, 2001) , has also been used to induce sparsity in latent factor models (Engelhardt and Stephens, 2010; Pruteanu-Malinici et al., 2011) .
Another active area of research in latent factor models focuses on incorporating structure in the loading matrix. Built on canonical correlation analysis (CCA), which takes paired feature vectors y
(1) i ∈ R p 1 ×1 and y (2) i ∈ R p 2 ×1 for the same n samples and identifies a linear latent space for which the correlations between the two observations are maximized, the Bayesian CCA (BCCA) model (Klami et al., 2013) assumes a latent factor model for each observation through a shared latent vector x i ∈ R k×1 . This Bayesian CCA model may be written as a latent factor model by vertical concatenation of observations, loading matrices, and Gaussian residual errors. By inducing group-wise sparsity-explicit blocks of zeros-in the combined loading matrix, the covariance across two observations and covariance local to each observation may be estimated (Klami and Kaski, 2008; Klami et al., 2013) . Extensions of this approach to multiple coupled observations y
∈ R pm×1 have resulted in group factor analysis models (GFA) (Archambeau and Bach, 2008; Jia et al., 2010; Virtanen et al., 2011) . Beyond group-wise sparsity, more sophisticated structured regularizations have been studied in classical statistics (Zou and Hastie, 2005; Kowalski and Torrsani, 2009; Jenatton et al., 2011; Huang et al., 2011) .
Latent factor models (Equation (1)) may be interpreted as capturing a low-rank estimate of the feature covariance matrix. BCCA extends this covariance representation to two observations. Group-wise sparsity in the combined loading matrix jointly models covariance structure shared across both observations and covariance local to each observation. GFA further extends this representation to m observations for the same samples, modeling, in its fullest generality, the covariance associated with every subset of observations. Thus, GFA becomes intractable when m is large: the number of covariance matrices for all subsets of the m observations increases exponentially in m.
In this study, we incorporate Bayesian shrinkage with hierarchical structure to develop a flexible Bayesian GFA (BGFA) model with non-parametric behavior that enables us to avoid this curse of dimensionality. We leveraged a recently developed hierarchical sparsityinducing prior that has a computationally tractable representation as a scale mixture of normals, the three parameter Beta prior (T PB) (Armagan et al., 2011b; Gao et al., 2013) . We developed a structured hierarchical shrinkage prior to enable the application of BGFA to multiple high dimensional observation matrices. Our BGFA model has many desirable properties: i) it shrinks the loading matrix globally, removing unnecessary factors and inducing non-parametric behavior where the number of factors is driven by the data; ii) it allows factor loadings to have either a sparsity-inducing or a dense regularization prior, enabling a factor to correspond either to a subset of features or to all features; iii) it only estimates covariance matrices for which there is sufficient signal, exploiting non-parametric behavior to skirt the curse of dimensionality in GFA models.
In this paper, we discuss current work in sparse latent factor models and describe our BGFA model in Section (2). Then we briefly review Bayesian shrinkage priors and introduce the structured hierarchical prior in our BGFA model in Sections (3) and (4). In Section (5), we describe how we perform parameter estimation. In Section (6) we illustrate the performance of our model on the task of recovering simulated sparse signals among m observation matrices with substantial structures. We then present results that illustrate the performance of our model on real world data in Section (7). In particular, we show that our model recovers condition-specific co-regulated gene networks in two gene expression level observations from cells that had been exposed to a drug versus saline solution. Then we illustrate how our model may be applied to the problem of identifying groups of genes that are regulated by genetic variants in a large, publicly available genomic data set. We conclude by considering possible extensions to this model in Section (8).
Bayesian Group Factor Model

Latent Factor Models
Factor analysis has been extensively used in dimension reduction and low dimensional covariance matrix estimation. For concreteness, we write the basic factor analysis model as
where y i ∈ R p×1 is modeled as a linear transformation of a latent vector x i ∈ R k×1 through loading matrix Λ ∈ R p×k ( Figure 1A) . Here, x i is assumed to follow a N k (0, I k ) distribution, where I k is the k-dimensional identity matrix, and i ∼ N p (0, Σ), where Σ is a p×p diagonal matrix. With an isotropic noise assumption, Σ = Iσ 2 ; this model has a probabilistic principal components analysis interpretation (Roweis, 1998; Tipping and Bishop, 1999b) . For factor analysis, and in this work, it is assumed that Σ = diag(σ 2 1 , · · · , σ 2 p ) representing independent idiosyncratic noise (Tipping and Bishop, 1999a) .
Integrating over the factors x i , we see that the covariance of y i is estimated with a low rank matrix factorization: ΛΛ T + Σ. We further let Y = [y 1 , · · · y n ] be the collection of n samples of y i , and similarly let
Then the factor analysis model for the observation Y is
Probabilistic Canonical Correlation Analysis
In the context of two paired observations y (1) i ∈ R p 1 ×1 and y (2) i ∈ R p 2 ×1 on the same n samples, canonical correlation analysis (CCA) seeks to find linear projections (canonical directions) such that the sample correlations in the projected space are mutually maximized (Hotelling, 1936) . The work of interpreting CCA as a probabilistic model can be traced back to classical descriptions by Bach and Jordan (2005) . With a common latent factor, x i ∈ R k×1 , y 
i .
The errors are distributed as e
(1)
), where Ψ (1) and Ψ (2) are positive semi-definite matrices, which are not necessarily diagonal, allowing dependencies among residual errors within an observation. The maximum likelihood estimates of the loading matrices, Λ
(1) and Λ (2) , are the first k canonical directions up to orthogonal transformation (Bach and Jordan, 2005) .
Bayesian CCA with Group-wise Sparsity
Building on the probabilistic CCA model, a Bayesian CCA (BCCA) model proposed by Klami et al. (2013) has the following form Figure 1B ). The latent vector x (0) i is shared by both y 
i and x
i , are specific to each observation; they are multiplied by observation-specific loading matrices B
(1) and B (2) . The two residual error terms are
), where Σ (1) and Σ (2) are two diagonal matrices. This model was originally called Inter-Battery Factor Analysis (IBFA) (Browne, 1979) and recently has been studied under a full Bayesian inference framework (Klami et al., 2013) . This model can be viewed as a probabilistic CCA model (Equation (3)) with an additional low rank factorization of the error covariance matrices. In particular, we re-write the residual error term specific to observation w (w = 1, 2) from the probabilistic CCA model (Equation (3)) as e
where Klami et al. (2013) re-wrote model (4) as a factor analysis model with group-wise sparsity in the loading matrix. Let y i ∈ R p×1 with p = p 1 + p 2 be the vertical concatination of y (1) i and y
(1) i and x (2) i ; and let i ∈ R p×1 be vertical concatination of the two residual errors. Then, the BCCA model in Equation (4) can be written as a factor analysis model
The structure in the loading matrix Λ has a specific meaning: the non-zero columns (those in A (1) and A (2) ) project the shared latent factors (i.e., the first k 0 in x i ) to y i , respectively; these latent factors represent the covariance across the observations. The columns with zero blocks (those in [B (1) ; 0] or [0; B (2) ]) relate specific factors to only one of the two observations; they model covariance specific to that observation. Under this BCCA model, the structure of Λ is fixed a priori, and the inference problem is to estimate the values of the non-zero blocks of Λ.
Group Factor Analysis Models
Group factor analysis (GFA) models have been proposed recently for the joint analysis of multiple (m > 2) coupled observations, y (Salomatin et al., 2009; Jia et al., 2010; Virtanen et al., 2011; Archambeau and Bach, 2008) . GFA models are motivated by multi-view learning: these models partition the latent space into factors shared across all observations and factors private to each of the observations (Archambeau and Bach, 2008; (Figure 1C ):
By vertical concatenation of y i , this model can be viewed as a latent factor model with loading matrix Λ having a similar group-wise sparsity pattern as in the BCCA model
Here, the first block column (A (w) ) is a non-zero loading matrix across the features of all observations, and the remaining columns have a block diagonal structure with observationspecific loading matrices (B (w) ) on the diagonal. This GFA model is limited by the strict diagonal structure of the loading matrix. Structuring the loading matrix in this way prevents this model from capturing covariance structure among arbitrary subsets of observations. But, modeling covariance structure among all possible subsets of observations is non-trivial for large m because there are 2 m − 1 possible subsets.
The GFA structure on Λ in Equation (7) has been relaxed to model covariance among subsets of the observations (Jia et al., 2010; Virtanen et al., 2011) . In this formulation, each observation y (w) i is modeled by its own loading matrix Λ (w) and a shared latent vector x i ( Figure 1D ):
By allowing columns in Λ (w) to be zero, the model decouples certain latent factors from a subset of observations. The covariance structure of an arbitrary subset of observations is modeled by factors with non-zero loading columns corresponding to the observations in that subset. Factors that correspond to non-zero entries for only one observation capture covariance specific to that observation.
Two different approaches have been proposed to achieve this column-wise shrinkage effect: Bayesian shrinkage (Virtanen et al., 2011; Klami et al., 2013) and explicit penalties (Jia et al., 2010) . The Bayesian shrinkage method puts a normal-inverse gamma prior, known as the automatic relevance determination (ARD) prior (Tipping, 2001 ), on each column of the m loading matrices:
for w = 1, . . . , m and h = 1, . . . , k. This prior assumes the entire column shares the same precision parameter, and the precision α (w) h is assumed to follow a Gamma distribution Ga(a 0 , b 0 ). By giving the hyperparameter a 0 and b 0 small values (e.g., a 0 = b 0 = 10 −4 ), we get a uniform prior on the logarithmic scale for the precision parameter. This prior allows the posterior probability of the α (w) h parameters to concentrate at large values, achieving column-wise shrinkage (Tipping, 2001) . In classical statistics, we induce column-wise shrinkage by adding a penalty term on Λ (w) . Commonly used penalties include mixed matrix norms: an L 1 norm penalizes each column, and either L 2 or L ∞ norms penalize the elements in that column:
In this framework, the L 1 norm penalty on columns achieves column-wise shrinkage. These two approaches allow GFA models to capture covariance uniquely shared among arbitrary subsets of the observations and avoid modeling shared covariance in subsets that are not maximally defined. But neither the ARD approach nor the mixed matrix norm penalties encourages element-wise shrinkage within loading columns. Adding element-wise sparsity is important because it results in interpretable and meaningful latent factors as shown in the sparse factor analysis research (West, 2003; Carvalho et al., 2008) . One can either use Bayesian shrinkage on individual loadings (Carvalho et al., 2010) or mixed matrix norm with L 1 type penalties on each element (i.e., k h=1 p j=1 |λ (w) jh |). But these approaches still do not go far enough-the structure in the factor model is ignored. The main contribution of this study is to define a carefully structured Bayesian shrinkage prior on the loading matrix that encourages both element-wise shrinkage and also has non-parametric column-wise selection behavior for Bayesian GFA.
Bayesian Structured Sparsity
The column-wise sparse structure of Λ in GFA models belongs to a general class of structured sparsity methods, which has drawn attention recently in the classical statistics literature (Zou and Hastie, 2005; Yuan and Lin, 2006; Jenatton et al., 2011 Jenatton et al., , 2009 Kowalski, 2009; Kowalski and Torrsani, 2009; Zhao et al., 2009; Huang et al., 2011; Jia et al., 2010) . For example, in structured sparse PCA, the loading matrix is constrained to have a set of specific patterns (Jenatton et al., 2009 ). Later Jenatton et al. (2011) and Huang et al. (2011) discussed more general structured variable selection methods in a regression framework. However, there has been little work in using Bayesian structured sparsity (with a few exceptions (Kyung et al., 2010; Engelhardt and Adams, 2014) ). Starting from Bayesian shrinkage priors, we propose a structured hierarchical shrinkage prior that includes three levels of shrinkage, which is conceptually similar to tree structured shrinkage (Romberg et al., 2001) , or global-local priors in the regression framework (Polson and Scott, 2010).
Bayesian Shrinkage Priors
Bayesian shrinkage priors have been widely used in latent factor models due to their nonparametric properties and interpretable solutions (West, 2003; Ghahramani et al., 2007; Carvalho et al., 2008; Knowles and Ghahramani, 2011; Bhattacharya and Dunson, 2011) . In Bayesian statistics, a regularizing term, φ(Λ), may be viewed as a marginal prior proportional to exp(−φ(Λ)); the regularized optimum then becomes a maximum a posteriori (MAP) solution . For example, the well known L 2 penalty for coefficients in linear regression models corresponds to Gaussian priors, also known as ridge regression or Tikhonov regularization (Hoerl and Kennard, 1970) , whereas an L 1 penalty corresponds to double exponential priors or Laplace priors, also known as Bayesian Lasso (Tibshirani, 1996; Park and Casella, 2008; Hans, 2009) .
When the goal of the regularization is to induce sparsity, the prior distribution should be chosen so that it has substantial probability mass around zero, which draws small effects toward zero, and heavy tails, which allows large signals to escape from substantial shrinkage (Carvalho et al., 2010; Armagan et al., 2011b) . The canonical Bayesian sparsityinducing prior is the spike-and-slab prior, which is a mixture of a point mass at zero and a flat distribution across the space of real values, often modelled as a Gaussian with a large variance term (West, 2003) . The spike-and-slab prior has elegant interpretability by estimating the probability that certain loadings are excluded, modeled by the 'spike' distribution, or included, modeled by the 'slab' distribution (Carvalho et al., 2008) . This interpretability comes at the cost of having exponentially many possible configurations of the model inclusion parameters in the loading matrix.
Recently, scale mixtures of normal priors have been proposed as a computationally efficient alternative to the two component spike-and-slab prior (West, 1987; Carvalho et al., 2010; Armagan et al., 2011a,b; Bhattacharya et al., 2012) : such priors generally assume normal distributions with a mixed variance term. The mixing distribution of the variance allows strong shrinkage near zero but weak regularization away from zero. For example, the inverse-gamma distribution on the variance term results in an ARD prior (Tipping, 2001) , and an exponential distribution on the variance term results in a Laplace prior (Park and Casella, 2008) . The horseshoe prior, with a half Cauchy distribution on the standard deviation as the mixing density, has become popular due to its strong shrinkage and heavy tail (Carvalho et al., 2010) . A more general class of Beta mixtures of normals, called the three parameter Beta distribution, has been developed recently (Armagan et al., 2011b) . Although these continuous shrinkage priors do not directly model the probability of feature inclusion, it has been shown in the regression framework that two layers of regularization (i.e., global regularization, across all coefficients, and local regularization, specific to each coefficient (Polson and Scott, 2010)) has behavior that is similar to the spike-and-slab prior in effectively modeling signal and noise separately, but enabling computational tractability (Carvalho et al., 2009 ). In this current study, we extend the Beta mixture of normals prior to three levels of hierarchy to induce desirable behaviors in the context of GFA models.
Three Parameter Beta Prior
For concreteness, the three parameter Beta (T PB) distribution for a random variable 0 < Z < 1 has the following density (Armagan et al., 2011b) :
where a > 0, b > 0 and φ > 0. We denote this distribution as T PB(a, b, ν). When 0 < a < 1 and 0 < b < 1, the distribution is bimodal, with two modes at 0 and 1. The variance parameter ν gives the distribution freedom: with fixed a and b, smaller values of ν put greater probability on z = 1, while larger values of ν move the probability mass towards z = 0 (Armagan et al., 2011b) . With ν = 1, this distribution is identical to a beta (Be(b, a)) distribution. Let λ denote the parameter to which we are applying sparsity-inducing regularization. We assign the following T PB normal scale mixture distribution, T PBN , to λ:
where the shrinkage parameter ϕ follows a T PB distribution. With a = b = 1/2 and ν = 1, this prior becomes the horseshoe prior (Carvalho et al., 2010; Armagan et al., 2011b; Gao et al., 2013) . The bimodal property of ϕ induces two distinct shrinkage behaviors: the mode near one encourages 1 ϕ − 1 towards zero and induces strong shrinkage on λ; the mode near zero encourages 1 ϕ − 1 towards infinity and generates a diffuse prior. Further decreasing the variance parameter ν puts more support on stronger shrinkage (Armagan et al., 2011b; Gao et al., 2013) . If we let θ = 1 ϕ − 1, then this mixture has the following hierarchical representation:
Global-Factor-Local Shrinkage
The flexible representation of the T PB prior makes it an ideal choice for latent factor models. In particular, one may induce sparsity in the loading matrix by assigning each element of the loading matrix an independent T PB prior to encourage element-wise sparsity. However, local shrinkage does not allow the level of shrinkage to borrow strength across components of the factor matrix, nor does it enable non-parametric behavior of the model. Gao et al. (2013) extended the T PB prior to three levels of hierarchical regularization on a loading matrix:
At each of the three levels, a T PB distribution is used to induce shrinkage with its own variance parameter (ν in Equation (9)), which has a further T PB distribution depending on previous hierarchy. Specifically, the global shrinkage parameter applies strong shrinkage across all columns of the loading matrix, and jointly adjusts the support of ζ h at either zero or one. This can be interpreted as inducing sufficient shrinkage across loading columns to identify the number of factors supported by the observed data. In particular, when ζ h is close to one, all loadings in the column are zero, inducing column-wise shrinkage. The factor-specific regularization parameter, ζ h , adjusts the shrinkage applied to each element of the h th loading column, estimating the column-wise shrinkage by borrowing strength across all elements in that column. The local shrinkage parameter, ϕ jh , creates elementwise sparsity in the loading matrix through a T PBN . Three levels of shrinkage allow us to model both column-wise and element-wise shrinkage simultaneously, and give us nonparametric behavior in the number of factors. Equivalently, this global-factor-local shrinkage prior can be written as:
We further extend our prior to jointly model sparse and dense components by assigning to the local shrinkage parameter a two-component mixture distribution (Gao et al., 2013) :
where δ(·) is the Dirac delta function. The motivation is that, in real applications such as the analysis of gene expression data, it has been shown that much of the variation in the observation is due to technical (e.g., batch) or biological effects (e.g., sex, ethnicity), which impact a large number of features (Leek et al., 2010) . Therefore, the loadings corresponding to these effects will not be sparse. Equation (12) allows the local sparsity on the loading in Equation (10) to select between element-wise sparsity or column-wise sparsity, which induces a vector with a shared variance term: λ jh ∼ N 0,
Modeling each element of a loading column from the same column-wise distribution has two possible outcomes: i) ζ h in Equation (10) is close to 1 and the entire column is shrunk towards zero, effectively removing this factor; ii) ζ h is close to zero, and all elements of the column have a shared Gaussian distribution, inducing only non-zero elements in that loading. We call included factors that have only non-zero elements dense factors. Jointly modeling sparse and dense factors effectively controls for the confounders' effects on the observation. We introduce indicator variables z h , h = 1, . . . , k, to capture whether the component is sparse (z h = 1) or either dense or removed (z h = 0), and let z = [z 1 , . . . , z k ]. We put a Bernoulli distribution with parameter π on z h and let π have a flat Beta distribution Be(1, 1).
In the context of the GFA model, we put the global-factor-local T PB priors independently on each loading matrix corresponding to w th observation,
= 1 indicates that the h th factor is active for observation w, and that only a sparse number of features from that observation load onto the corresponding factor. When z (w) h = 0, then either the h th factor has a dense loading column for observation w, or the loading column is 0 for observation w. A zero loading column for observation w effectively decouples the factor from that observation, leading to the columnwise sparse behavior in previous GFA models (Virtanen et al., 2011 ). In our model, factors that have only zero loading columns across all observations are removed from the model.
Bayesian GFA Model Summary
We summarize our Bayesian GFA (BGFA) model as follows. The generative model for m coupled observations y (w) i with w = 1, . . . , m and i = 1, · · · , n is
We re-write this BGFA model as a factor model by concatenating the m feature vectors for sample i into vector y i
where Σ = diag(σ 2 1 , · · · , σ 2 p ). We put independent global-factor-local T PB prior in Equation (11) 
jh ). and allow local shrinkage to follow a two-component mixture
h ), where the mixture proportion follows a Beta distribution
We put a conjugate inverse gamma distribution on the variances of the errors
. In our application of this model, we set the hyperparameters of the global-factor-local T PB prior to a = b = c = d = e = f = 0.5, which recapitulates the horseshoe prior at all three levels of the hierarchy. The hyperparameters for the error variances, a σ and b σ , are set to 1 and 0.3 respectively to allow a relatively wide support of variances (Bhattacharya and Dunson, 2011) . When there are only two coupled observations, the BGFA model simplifies to a BCCA model. In following sections we use BGFA to denote our model regardless of the number of observations.
Parameter Estimation
For posterior inference, we develop a variational expectation maximization (EM) algorithm to find a maximum a posteriori (MAP) estimate of model parameters (Dempster et al., 1977) . In the maximization step, the loading columns specific to each observation are estimated jointly; this blocked approach has faster convergence than estimating each loading separately. In addition, we derived a Markov chain Monte Carlo (MCMC) algorithm that uses Gibbs sampling. MCMC also uses block updating of the loading matrix for faster mixing behavior (Bhattacharya and Dunson, 2011) . In practice, when the data size allows, we first run a small number of MCMC iterations and use the last parameter sample as the starting parameter values for the variational EM algorithm (i.e., a warm start) (Andrieu et al., 2003) . This hybrid approach encourages robustness of the variational EM algorithm to the starting point. Full details of parameter estimation methods are in Appendices A and B.
Identifiability
The standard latent factor model in Equation (1) is unidentifiable up to orthonormal rotation: for any orthogonal matrix P with P T P = I, the new model with Λ = ΛP T and x = P x produces the same covariance matrix with an identical likelihood. One traditional solution is to restrict the loading matrix to be lower-triangular (West, 2003; Carvalho et al., 2008) . This solution gives a special role to the first k features in y, and therefore the ordering of the features should be selected carefully (Carvalho et al., 2008) .
Our BGFA model has equivalent unidentifiability: when we right multiply the combined loading matrix by P T and left multiply x by P we have an identical covariance matrix and likelihood. However, the structured shrinkage prior on BGFA puts additional constraints on the combined loading matrix by either favoring sparsity within a column (z (w) h = 1) or regarding the column as dense or zero (z (w) h = 0) for a specific observation. Any orthogonal transformation violating such desirable structure in the loading matrix, though resulting same likelihood, will have a low probability according to the prior and therefore a lower posterior probability than the original solution. We find that in practice this model is able to recover a structured loading matrix when there is sufficient sparsity in the true solution.
Our model does not specifically address label switching or sign invariance, but both of these identifiability problems are addressed more trivially after parameters are estimated. Label switching identifiability in these latent factor models has been studied in the context of mixture models (Stephens, 2000) ; the label switching problem implies that model averaging, either through averaging posterior samples of MCMC or averaging over point estimates from direct approaches, produces uninterpretable results. We addressed the sign and label switching invariances in our simulation studies as follows. After the MAP parameter estimate was found, we re-arranged the loadings to most closely match the simulated loadings, and we flipped the sign of the estimated loadings if they did not match the simulated ones. We performed this parameter cleaning across all of the methods considered in our simulation study. Furthermore, when we used BGFA for applications that were not sensitive to label switching or sign, such as covariance matrix estimation or identifying nonzero elements in sparse loadings, we did not modify the results of the loading matrix.
Simulations and Comparisons
We demonstrate the performance of our model on simulated data with both paired observations and multiple coupled observations.
Simulations for Paired Observations
We simulated two data sets with p 1 = 100, p 2 = 120 in order to compare related methods in the context of two paired observations. The number of samples in these simulations was n = {20, 30, 40, 50}. The number of samples was chosen to be smaller than both p 1 and p 2 to reflect the large p, small n problem, which is ubiquitous in genomics applications (West, 2003) and motivates our structured approach. We first simulated observations with only sparse latent factors (Sim1 ). In particular, we set k = 6, where two sparse factors are shared by both observations (factor 1 and 2; in Table 1 ), two sparse factors are specific to y (1) (factor 3 and 4; Table 1), and two sparse factors are specific to y (2) (factor 5 and Table 1 ). The elements in the sparse loading matrix were randomly generated from a N (0, 4) Gaussian distribution, and sparsity was induced by setting 90% of the elements in each loading column to zero at random (Figure 2A ). Latent factors x were generated from N 6 (0, I 6 ). Residual error was generated by first generating the p = p 1 + p 2 diagonals on the residual covariance matrix Σ from a uniform distribution on (0.5, 1.5), and then generating each column of the error matrix from N p (0, Σ).
We performed a second simulation that included both sparse and dense latent factors (Sim2 ). In particular, we extended Sim1 to k = 8 latent factors, where one of the shared sparse factors is now dense, and two dense factors, each specific to one observation, were added. For all dense factors, each loading was generated according to a N (0, 4) Gaussian distribution (Table 2; Figure 2C ).
Simulations for Multiple Observations
To compare different methods in the context of multiple observations, we performed two additional simulations (Sim3 and Sim4 ) on four data sets with p 1 = 70, p 2 = 60, p 3 = 50 and p 4 = 40. The number of samples, as above, was set to n = {20, 30, 40, 50}. In Sim3, and we let k = 6 and only simulated sparse factors: the first three factors were specific to y (1) , y (2) and y (3) respectively, and last three corresponded to different subsets of the observations ( Figure 3A ; Table 3 ). In Sim4 we let k = 8, and, as with Sim2, included both sparse and dense factors ( Figure 3B ; Table 4 ). Observations in these two simulations were generated following the same method as in the simulations with two observations.
Methods for Comparison
We compared our BGFA model with three available CCA approaches: the Bayesian CCA model with an ARD prior (BCCA-ARD) (Klami et al., 2013) , a regularized version of CCA (RCCA) (Gonzalez et al., 2008) and sparse CCA (SCCA) .
The Bayesian CCA model studied by Klami et al. (2013) puts an ARD prior on each column of the loading matrices, encouraging column-wise shrinkage of the loading matrix but not sparsity within these loadings. The extension of BCCA-ARD allows multiple coupled observations. In our simulations, we ran the BCCA-ARD model with the factor number set to the correct values: k = 6 in Sim1 and Sim3, k = 8 in Sim2 and Sim4.
We ran the regularized version of classical CCA (RCCA) for comparison in Sim1 and Sim2 (Gonzalez et al., 2008) . Classical CCA aims to find k canonical projection directions u h and v h (h = 1, . . . , k) for Y
(1) and Y (2) respectively such that i) the correlation between
with h = h, and similarly for v h and Y (2) . Let these two projection matrices be denoted U = [u 1 , . . . , u k ] ∈ R p 1 ×k and V = [v 1 , . . . , v k ] ∈ R p 2 ×k . These matrices are the maximum likelihood estimates of the shared loading matrices in the Bayesian CCA model up to orthogonal transformations (Bach and Jordan, 2005) . However, classical CCA requires the observation covariance matrices to be non-singular and thus is not applicable in the current simulations, where n < p 1 , p 2 . Therefore, we used a regularized version of CCA (RCCA) (Gonzalez et al., 2008) by adding λ 1 I p 1 and λ 2 I p 2 to the two sample covariance matrices. The two regularization parameters λ 1 and λ 2 were chosen according to leave-oneout cross-validation with the search space defined on a 11×11 grid from 0.0001 to 0.01. The projection directions U and V were estimated using the best regularization parameters. We let P = [U ; V ]; this matrix was comparable to the simulated loading matrix up to orthogonal transformations. We calculated the matrix P such that the Frobenius norm between Λ P T and simulated Λ was minimized, with the constraint that P T P = I, possible because of the constraint preserving updates of the objective function (Wen and Yin, 2013) . After finding the optimal orthogonal transformation matrix, we recovered Λ P T as the estimated loading matrix. We chose k = 6 and k = 8 regularized projections for comparison in Sim1 and Sim2 respectively, the true number of latent linear factors. RCCA does not naively apply to multiple coupled observations, and thus was not applied to Sim3 or Sim4.
The sparse CCA (SCCA) method ) maximizes correlation between two observations after projecting the original space with a sparsity-inducing penalty onto the projection directions, producing sparse matrices U and V . This method is encoded in the R package PMA (Witten et al., 2013) . For Sim1 and Sim2, as with RCCA, we found an optimal orthogonal transformation matrix P such that the Frobenius norm between Λ P T and simulated Λ was minimized, where Λ was the vertical concatenation of the recovered sparse U and V . We chose k = 6 and k = 8 sparse projections in Sim1 and Sim2, respectively, representing the true number of latent factors. An extension of SCCA allows for multiple observations ). For Sim3 and Sim4, we recovered four sparse projection matrices U (1) , U (2) , U (3) , U (4) and set Λ as the vertical concatenation of the four matrices. Then the orthogonal transformation matrix P was calculated similarly by minimizing the Frobenius norm between Λ P T and the true loading matrix Λ. The number of canonical projections was set to k = 6 in Sim3 and k = 8 in Sim4, again corresponding to the true number of latent factors.
Metrics for Comparison
To quantitatively compare the results from applying BGFA with the alternative methods, we used the sparse and dense stability indices proposed in our previous study (Gao et al., 2013) to compare the simulated matrices with the recovered matrices. The sparse stability index (SSI) measures the similarity between columns of sparse matrices. SSI is invariant to column scale and label switching, but it penalizes factor splitting and matrix rotation; larger values of the SSI indicate better recovery. The dense stability index (DSI) quantifies the difference between dense matrix columns, and is invariant to orthogonal matrix rotation, label switching, and scale; DSI values closer to zero indicate better recovery. We extended the stability indices to allow multiple coupled matrices as in the current simulations. In Sim1 and Sim3, all factors were regarded as sparse, and SSIs were calculated between true combined loading matrices and combined recovered loading matrices. In Sim2 and Sim4, because none of the compared methods explicitly distinguished sparse and dense factors, we categorized them as follows. We first selected a global sparsity threshold on the elements of the combined loading matrix; here we set that value to 0.15. Elements below this threshold were set to zero in the loading matrix. Then we chose the first five loading columns with the fewest non-zero elements as the sparse loadings in Sim2 and the first four loadings with the fewest non-zero elements as the sparse loadings in Sim4. The remaining loading columns were considered dense loadings. We found that varying the sparsity threshold did not affect the separation of sparse and dense loadings significantly. SSIs were then calculated for the true combined sparse loading matrix and the combined recovered sparse loadings. To calculate DSIs, we treated the loading matrices Λ (w) for each observation m separately, and calculated the DSI for the recovered dense components of each observation. The final DSI for each method was the sum of the m separate DSIs.
Results of the Comparison
We first evaluated the performance of our model in terms of recovering the correct number of sparse and dense factors in the four simulations. We set the number of MCMC iterations to 50 and ran our model 20 times from random starting points. In Sim1 and Sim3, we set the starting number of factors to 10. Our BGFA model identified the correct number of sparse latent factors in 17 out of 20 runs (85%) in Sim1 ( Figure 2B) , and 18 out of 20 runs (90%) in Sim3 ( Figure 3B ). In Sim2 and Sim4, we set the starting factor number to 15. Our BGFA model identified the correct number of sparse latent factors in 15 out of 20 runs (75%) in Sim2 ( Figure 2D) , and 19 out of 20 runs (95%) in Sim4 ( Figure 3D) .
We ran the other methods on the four simulations and compared our results against those from BGFA. Our BGFA model recovered the closest matches to the simulated loading matrices across the compared methods from a visual inspection (Figures 2 and 3) . We then quantitatively compared results using the two stability indices. Our model produced the best SSIs among the methods across the different sample sizes in Sim1 and Sim3 for the recovered sparse factors (Figures 4A and 5A ). The performance of BCCA-ARD and BGFA-ARD was limited in the two sparse simulations because the ARD prior does not produce sufficient element-wise sparsity within a loading column (Figure 2A and 3A) , resulting in poor SSIs (Figures 4A and 5A ). RCCA also suffered in Sim1 because the recovered loadings were not sufficiently sparse (Figure 2A ), resulting in poor SSIs ( Figure 4A ). SCCA recovered shared sparse loadings well in Sim1 (Figure 2A ). However SCCA does not model local covariance structure, and therefore was unable to recover the sparse loadings specific to subsets of observations in Sim1 and Sim3 (Figures 2A and 3A) , resulting again in poor SSIs ( Figure 4A and 5A) .
Adding dense components in Sim2 and Sim4 did not deteriorate the sparse results from our BGFA model: BGFA effectively identified both sparse and dense factors ( Figures 2C and  3C ). Results from BGFA had the best SSIs and DSIs among the compared methods across all sample sizes ( Figures 4B, 4C , 5B, and 5C). BCCA-ARD did not recover matrices with sparsity matching that found in the simulations ( Figures 2C and 3C ), which resulted in SSIs worse than the SSIs for BGFA (Figures 4B and 5B) . As a consequence of not matching sparse loadings well, BCCA-ARD had difficulty recovering dense loadings ( Figures 4C and 5C ). For the SCCA method, both sparse loading recovery and dense loading recovery deteriorated substantially when the dense factors were included ( Figures 2C and 3C ), as reflected in both the SSIs and DSIs ( Figures 4B, 4C , 5B, and 5C).
Real Data Applications
Exposure Gene Expression Data Analysis
We applied our model to gene expression data from the Cholesterol and Pharmacogenomic (CAP) study, consisting of expression level measurements for 10, 195 genes in 480 lymphoblastoid cell lines (LCLs) after 24-hour exposure to either a control buffer (Y (1) ) or 2 µM simvastatin acid (Y (2) ) . In this example, the two observations represent gene expression levels on the same samples and genes after the two different exposures. We projected the expression levels to the quantiles of Table 5 : Recovered latent factors in the CAP gene expression data with two observation matrices. S represents a sparse vector; D represents a dense vector; 0 represents a zero vector. PVE: proportion of variance explained.
a standard normal within gene and applied our BGFA model with the initial number of factors set to k = 2000. The large size of these data necessitated eliminating MCMC runs from the parameter estimation procedure, and we used EM with randomly initializations to estimate model parameters. We performed parameter estimation 100 times on these data. Across these 100 runs, the estimated number of recovered factors was approximately 473 (Supplemental Table S1 ). We computed the proportion of variance explained (PVE) by each factor ( Figure 6A ). The PVE for the h th factor was calculated as the variance explained by the h th factor divided by the total variance: tr(λ ·h λ T ·h )/tr(ΛΛ T + Σ). The first three Y (1) specific dense factors explained 25.10% of the total variance, and the first three Y (2) specific dense factors explained 31.23% of the total variance. We also found that 98.6% of the sparse factors contained fewer than 100 genes, and 0.31% of sparse factors had greater than 500 genes ( Figure 6B ).
The sparse factors specific to each observation characterize the local covariance estimates after controlling the observation matrices for the jointly modeled shared and specific dense factors. Biologically, this has the effect of controlling for variation in gene expression levels due to ubiquitous technical and biological confounders such as batch effects or population structure among samples, which tend to affect many gene expression levels and hence have dense loadings (Gao et al., 2013) . We chose a run with 536 factors to illustrate the gene clusters in the sparse factors. In this run, there were 221 sparse factors specific to Y
(1) , 217 sparse factors specific to Y (2) , and 19 shared sparse factors (Table 5) . We found that 289 (63.2%) of the sparse factors contained two well-correlated genes. We extracted the three largest sparse factor from the three sparse classes (i.e., shared and specific to each observation) and applied Gene Ontology (GO) enrichment analysis using DAVID software (Huang et al., 2009 ) to analyze the recovered gene clusters. The largest sparse factor specific to Y
(1) , the buffer-treated observations, contained 478 genes. We found that 202 significantly enriched gene annotation terms were returned by DAVID (p ≥ 0.05). The most significant annotation term was phosphoprotein, with 236 genes with this annotation in the sparse factor (52.5%; p ≤ 1.5 × 10 −10 based on a hypergeometric test) (Huang et al., 2009) . The largest sparse factor specific to Y (2) , the statin-treated observations, contained 355 genes. For this factor, 138 significantly enriched gene annotation terms were identified at the same p-value threshold. The most significant annotation term was nucleus, with 140 genes having this annotation (41.4%; p ≤ 2.8 × 10 −15 based on a hypergeometric test). The largest sparse factor shared by both observations contained 24 genes. DAVID returned four annotation terms at the same p-value threshold. The most significant annotation term was regulation of lymphocyte activation, with three genes having this annotation (p ≤ 0.016; hypergeometric test). Complete GO analysis results are in Supplementary Table S2 .
Observation-specific Co-expression Network Reconstruction
As we pursued more carefully elsewhere (Gao et al., 2014) , the recovered sparse factors specific to a single observation may be used to construct a gene co-expression network that is uniquely found in that observation. We denote B (w) s as the sparse loadings in
represents the regularized estimate of the covariance matrix specific to each observation after controlling for the contributions of the dense factors. X (w) s are the factors corresponding to the sparse loadings for observation w. In our model, V ar(X (w) s ) = I, and so the covariance matrix specific to one of the two observations is written as Ω
. We inverted this estimate of the positive definite covariance matrix to get a precision matrix R (w) = (Ω (w) s ) −1 . The partial correlation between gene j 1 and j 2 is then calculated by normalizing the precision matrix (Edwards, 2000; Schfer and Strimmer, 2005) :
A partial correlation that is zero for two genes suggests that they are conditionally independent (conditional on the remaining genes in the network); non-zero partial correlation implies a direct relationship between two genes. Thus, in the recovered network, each vertex is a gene and each edge is a non-zero entry between the pair of connected genes in the normalized precision matrix. The resulting undirected network induces a Gaussian Markov Figure 7 : Observation-specific gene co-expression networks from CAP data. For each of the 100 EM runs, two networks were constructed. The node and label size is scaled according to the number of shortest paths from all vertices to all others that pass through that node (i.e., betweenness centrality).
random field, also known as a Gaussian graphical model (Edwards, 2000; Schfer and Strimmer, 2005; Koller and Friedman, 2009 ). We used GeneNet (Schfer and Strimmer, 2005) to compute the network from our estimates of the regularized covariance matrix.
We used following ensemble approach to combine the results from each of the 100 runs to construct a single observation-specific gene co-expression network for each observation. For each run, we constructed a network by connecting genes with partial correlation greater than a threshold (0.05). Then we combined the results from the 100 networks to construct a single network by keeping the edges that appeared in more than 10 (10%) of the single-run networks. The resulting two observation-specific gene co-expression networks contained 277 genes and 1, 593 edges (buffer treated observation, Figure 7A ), and 275 genes and 1, 531 edges (statin-treated observation, Figure 7B ).
Multi-trait multi-SNP association mapping
As a second application, we applied our model to HapMap phase 3 (HM3) project genotype and gene expression data to perform a multi-SNP multi-trait association mapping. The data consist of 1, 335, 434 single nucleotide polymorphisms (SNPs) across the genome and gene expression levels for 17, 229 genes in 608 individuals (Stranger et al., 2012) . SNPs are represented by {0, 1, 2}, representing the number of copies of the less frequent genetic variant (out of two total copies and two possible variants); gene expression levels are represented as a real number, which we quantile normalized as before , although we did not correct for principal components. The SNP data were centered. Table 6 : Recovered factors for HM3 data with three observations. S represents a sparse vector; D represents a dense vector; 0 represents a zero vector. PVE: proportion of variance explained.
In standard eQTL studies, the methodology for finding eQTLs is to control for covariates and confounders in the gene expression data, and perform p × q univariate tests of association for p genes and q SNPs. These tests are performed using a linear regression model with gene expression levels for one gene across n individuals as the response and the genotypes of a single SNP across n individuals as the predictor (Stephens and Balding, 2009) . While the univariate testing approach is simple, performing this association test jointly over multiple SNPs and multiple genes would have biological meaning and allow structure to be built into the model for the SNPs or genes (Engelhardt and Adams, 2014) . In particular, pleiotropic SNPs are SNPs that regulate the levels of multiple genes simultaneously; conversely, allelic heterogeneity refers to traits (here, gene expression levels) that are regulated by multiple genetic variants. A multi-SNP, multi-trait model of association would allow the identification of pleiotropic SNPs and allelic heterogeneity, whereas univariate approaches do not warrant these interpretations (Zhang et al., 2010; Lee et al., 2012; Stephens, 2013; .
In this application of BGFA, we chose chromosome 22 as a demonstration. After filtering SNPs with minor allele frequency (MAF) smaller than 0.05, we were left with 16, 505 SNPs on chromosome 22 for the 608 individuals. We let the SNP data matrix be observation one (Y (1) ). We let the gene expression level data for the genes on chromosome 22 (403 genes) be observation two (Y (2) ), and we let the gene expression levels for the genes on all other autosomal chromosomes (16, 826 genes) be observation three (Y (3) ). We applied BGFA to these three observation matrices using the EM algorithm with the initial factor number set to k = 2, 000; we repeated this process 100 times with random initializations. Across 100 runs, the estimated number of factors was approximately 1, 118 (Supplemental Table S3 ). The sparse factors that were active in the SNP observation and also active in either or both of the two expression observations reflected multi-SNP multi-trait associations ( Figure 8B ). We chose a run with 1, 093 factors to demonstrate the results of our model (Table 6 ).
We first analyzed the three SNP-specific dense factors. We found that these factors cluster individuals with shared ancestry, and specifically identify Mexicans (MEX), Gujarati Indians (GIH), and Maasai individuals (MKK) ( Figure 8A ). The population structure among the 608 individuals was captured well by these three dense factors, as has been demonstrated previously (Price et al., 2006; Novembre and Stephens, 2008; Engelhardt and Stephens, 2010) . We next analyzed the sparse factors that were active in the SNP observation and also active in either or both of the two gene expression observations. Along with active SNP observations, there were 39 sparse factors that included the chromosome 22 gene expression levels, 81 sparse factors that included all other gene expression levels, and 16 sparse factors that included gene expression levels from all chromosomes (136 in total). For each SNP with a non-zero loading on one of those factors, we fitted a univariate linear regression model between this SNP and every gene that had non-zero loading on this same factor. The SNP was the predictor and gene expression level was the response. The p-values for all linear models SNP-gene pairs were calculated to quantify the strength of evidence for a non-zero coefficient (i.e., a linear association). For comparison, we randomly selected a gene from another factor every SNP-gene pair and calculated p-values by fitting a linear regression. The distribution of p-values for SNP-gene pairs in the same sparse loading column was substantially enriched for low p-values, suggesting that this approach identified meaningful associations ( Figure 8C ).
Discussion
In this study, we developed a Bayesian structured sparse prior for group factor analysis. The structured sparse prior is built using three hierarchical layers of the three parameter Beta (T PB) distribution. The first layer controls global shrinkage; by adjusting global shrinkage, this layer allows the model to identify the number of factors non-parametrically. The second layer controls factor-specific shrinkage and adapts the levels of shrinkage on each loading column. The third layer controls local, element-wise shrinkage, and enables sparse factors that perform feature selection within each loading column. In addition, element-wise shrinkage may be avoided through a two component mixture model at this local shrinkage layer. This resulting model identifies factors that have both sparse and dense loadings. Allowing dense factors has important implications in real applications when the data are have confounding effects that require control. In the genomic applications here, they can be effectively used to capture and control confounding effects such as population structure and batch effects.
We extended the Bayesian structured sparse prior to Bayesian group factor analysis models (BGFA) with multiple coupled observations. When there are two paired observations, BGFA model simplifies to a BCCA model. Previous studies on BCCA and BGFA had relied on ARD priors for column-wise shrinkage (Virtanen et al., 2011; Klami et al., 2013) to decouple the latent space from certain observations. Our column-wise shrinkage resembles this behavior. In addition, our local shrinkage induces element-wise sparsity, allowing simpler representation of latent space to arbitrary subsets of observations.
Using simulations, we evaluated the loading matrices recovered by our BGFA model from simulated data with substantial structure. In most runs, BGFA identified the correct number of sparse and dense factors and the values of the loadings for those factors; related methods did not recover results that well matched the sparsity levels of the simulated data. We then applied our model to data from two genomic studies. In the first application we applied BGFA to gene expression data with two observations. We found that BGFA recovered observation-specific covariance structure that captured co-varying genes that did not co-vary across observations. The sparse components recovered gene modules that were enriched for biologically meaningful functional annotations. These observation-specific sparse components were used to construct exposure-specific gene co-expression networks. In the second application, we used BGFA to identify eQTLs across three observations that included genotype data and gene expression levels. We found that the sparse loadings shared among genotype and gene expression observations were highly enriched for eQTL associations. Previous work has used two-step approaches to perform association mapping on low dimensional projections of high dimensional traits (Biswas et al., 2008; Gao et al., 2013) ; BGFA performs this association mapping in a single step, and the sparse solution allows the results to be interpretable, making clear which genes are affected by which SNPs. Furthermore, modeling high dimensional data (e.g., gene expression levels) jointly with relevant covariates (e.g., genotype data) enables 'supervised' dimension reduction: the covariate data guide the projection of the high dimensional data into a low dimensional space such that the mapping finds the latent space that is maximally shared with the covariates. We anticipate our model will be used in a much wider context in other applications. Sample covariates such as age, sex, smoking status, or ethnicity may be included as an observation to identify a subset of genes that co-vary uniquely in females or smokers, for example. This model may be used to identify a set of topics in a scientific document corpus that maximally distinguish authors, journals, or institutions; another possible application is in the identification subsets of features about restaurants that are exclusive to their success or failure.
There are a number of directions left to explore more carefully in this model. First, we will consider the question of the identifiability of the recovered factor loadings with respect to the model specification and their sparsity, including developing estimates of significance of each of the recovered factors. Second, we will explore alternative methods for parameter estimation that both scale to much larger data sizes (e.g., for genome-wide association mapping of gene expression levels) and produce more robust results. We will also consider model averaging approaches that maintain interpretability but enable robust recovery of latent factors. Finally, we will consider model extensions that allow i) heterogeneous distributions of the residual error, which is currently Gaussian, and ii) vastly different numbers of features in each observation. While we saw in the results that BGFA produced meaningful results when the observations were heterogeneous (Bernoulli and Gaussian; different numbers of features), we believe that there are some model adaptations that will strengthen the application of BGFA to these types of study data. data are publicly available: the gene expression data were acquired through GEO GSE36868, and the genotype data were acquired through dbGaP, acquisition number phs000481, and generated from the Krauss Lab at the Children's Hospital Oakland Research Institute. This work was supported in part by U19 HL069757: Pharmacogenomics and Risk of Cardiovascular Disease. We acknowledge the PARC investigators and research team, supported by NHLBI, for collection of data from the Cholesterol and Pharmacogenetics clinical trial. h }, η = {η (w) } and γ = {γ (w) } are the collections of the global-factor-local T PB prior parameters.
The full conditional distribution for latent factor x i is
For Λ, we derive the full conditional distributions of its p rows, λ j· for j = 1 · · · p. We further integrate out δ 
Appendix B. Variational Expectation Maximization (EM) Algorithm for MAP Parameter Estimates
Expectation Step: Given model parameters, the distribution of latent factor X has shown in Appendix A. The expectation of the sufficient statistics of X is derived as follows:
The expectation of the indicator variable ρ We take the derivative with respect to the loading column λ ·h to get the MAP estimate. For the first part in the right side of the proportion,
where vec is vectorization operation of a matrix, 1 h k ∈ R k×1 is a zero vector except h th row being 1, and S Y X = (S XY ) T . For the second part,
For the third part, the derivative is n/2 + a σ − 1 1/2(y j· − λ j· X )(y j· − λ j· X ) T + b σ .
